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Abstract. In this work we construct self-adjoint extensions of the Dirac operator associated 
to Hermitian matrix potentials with Coulomb decay and prove that the domain is maximal. 
The result is obtained by means of a Hardy-Dirac type inequality. In particular, we can 
work with some electromagnetic potentials such that both, the electric potential and the 
magnetic one, have Coulomb type singularity. 



1. Introduction 

This work is devoted to the construction of self-adjoint extensions for the Dirac operator 
with Coulomb type singularities. We will denote these potentials by V, so the Dirac operator 
associated to V takes the form 

H = -ia • V + m/3 - V, 
for m > and a = (01,02,03), where a/-, (3 £ A^4 X 4(C), k = 1,2,3, are the Dirac matrices 

( cr fc \ / h 

ak= \<y k J' 0= { -h 

defined in terms of the Pauli matrices at £ A^2x2(C), given by 

and m is a non-negative real constant describing the mass of the particle. 

In this paper we deal with Hermitian matrix potentials V such that 

sup |x||V(a;)| < 1, 
xeR3\{o} 

where |V(x)| = supii 6 i| =1 (V6, V6) 1 / 2 , b G C 4 . We construct self-adjoint extensions for the 
Dirac operator H and give the explicit expression of the domain of the operator D(H). 

A particular example of potentials considered here are the electromagnetic potentials 

a-A\ 



V 



1*1 

a- A y-r 

W 



such that sup^gjga^jo} \v\ + |x||^4(x)| < 1 where t^t is the electrostatic potential and the 
magnetic one is defined as 

A = A(x) = {A\x), A 2 (x), A 3 (x)) : M 3 -> M 3 . 
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For this concrete potential, the operator H can be written as 

H = -ia • V + m/3 - V = -ia -V A + mf3- -^-I 4 



x 



where 



V A = V - %A, 



Observe that the magnetic potential is introduced in the operator replacing the standard 
gradient by Va- 

Note that in the particular case in which A = we construct a self-adjoint extension of 
the Dirac operator with the Coulomb potential for v < 1. One of the first results in this 
sense is due to Kato, who in his book [IT] proved that for V a multiplication operator with 
an Hermitian 4x4 matrix such that each component Vik is a function satisfying the estimate 



for some constants b > and a < 1, then H = Hq + V is essentially self- adjoint on 
C~(R 3 \{0},C 4 ) and self-adjoint on V(H ) = H\R 3 ,C 4 )- The proof of this result can be 
found in |16| and it is based on the Kato-Rellich theorem. In 1971, Weidmann proved that 



self-adjoint if and only if v < see [18) . One year later, Schmincke in [TJJ proved that 



implies that the Dirac operator Hq + V is essentially self-adjoint. Moreover, different authors 
like Schmincke, Weidmann, Wiist, Nenciu and Klaus among others construct distinguished 
self-adjoint extensions of this operator for the Coulomb potential where v < 1 by using 
different methods. Esteban and Loss define an extension for v < 1 via Hardy-Dirac inequali- 
ties. See for instance [E],[Il],[l9],[2D],[2TJ,[T3],[l2]and[10]. This problem is also treated 
in [3], in fact, the Coulomb potential is a particular case of the potentials studied there. 
Although it is not written in [3], doing some small modifications it is possible to construct a 
self-adjoint extension for v < 1. 

Among the previously mentioned works we are mainly interested in two of them. In the 
early seventies, Wiist in [19], [20], [21] and Nenciu in [13] constructed distinguished self-adjoint 
extensions of the Dirac-Coulomb operator for v < 1. The extension of Wiist is characterized 
by the fact that the domain of the extension is included in P(r -1 / 2 ) which is defined as the 
space of functions ij; such that 



Meanwhile, Nenciu characterizes his extension by the fact that the domain is included in 
the space // 1 / 2 (IR 3 , C 4 ). A couple of years later Klaus and Wiist showed in [12] that the 
extensions considered by Wiist and Nenciu are the same. 

Self-adjoint extensions of the Dirac operator with magnetic potentials that have constant 
magnetic field are studied in [8] and [16] . More general matrix- valued potentials are consid- 
ered in [13] and in a series of papers by Arai and Yamada [1], [2], [3]. They prove essential 
self-adjointness, existence of distinguished self-adjoint extensions and invariance of the es- 
sential spectrum for a class of matrix- valued potentials. More concretely, in [2] the author 
defines a self-adjoint extension of the Dirac operator for a matrix-valued potential with a 



Vik{x)\ < a 



1 



+ b for all x G M 3 \{0}, i, k = 1,2,3,4, 



2\x 
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Coulomb type singularity, and moreover, the domain is contained in ff 1 / 2 (M 3 ,C 4 ) and in 

Next we state the two main results of this paper. 
Theorem 1.1. Let V an Hermitian matrix potential such that 

(1.1) sup |x||V(ai)| < 1 

xeM 3 \{0} 

and let f G L 2 (R 3 ,C 4 ). Then there exists a unique ip G L 2 (M 3 ,C 4 ) that satisfies 

(1.2) / il>-(H + i)<p= [ f-Tp 

JR 3 JM 3 

/or a// (/? G L 2 (M 3 ,C 4 ) such that (H + i)ip G L 2 (R 3 ,C 4 ). Analogously, there exists a unique 
ip G L 2 (M 3 ,C 4 ) that satisfies 

(1.3) / ^ ■ {H - i)<p = [ f-Tp 

for all ^ G L 2 (K 3 ,C 4 ) suc/i that (H + i)y> G L 2 (M 3 ,C 4 ). Moreover, for a constant c both ip's 
satisfy: 

(i) Mb < ll/llw- 

(ii) [ jj<c [ l/l 2 - 
Jr 3 Fl Jr 3 

(iii) / |:c||a-VVf <c / |/| 2 . 
J|x|<i Jr 3 

(iv) II^H^/2 <c||/|| i2 . 

(v) Let /i,/ 2 G L 2 (M 3 ,C 4 ) and f/ie corresponding ipi,ip 2 G F 1/2 (M 3 , C 4 ). T/ien 

/ (ff±i>i-^2 = / ^■(ffTi^. 
Jr 3 Jr 3 

Note that in the previous theorem we have written (iJ ± z)V> instead of (If ± ilL^)^ to 
shorten notation. 

Theorem 1.2. Zei V an Hermitian matrix potential that satisfies M.l\) . Then the Dirac 
operator H = —ia • V + m/3 — V with domain V(H) = {ip G L 2 (M 3 ,C 4 ) : fty G L 2 (M 3 ,C 4 )} 
is self-adjoint. Moreover, 

(1.4) D(fT) C # 1/2 (M 3 , C 4 ) n P(r- 4 / 2 ). 

Theorem 11.21 will be a consequence of Theorem 11.11 by using the basic criterion for self- 
adjointness. In a first step in the proof of Theorem 1 1.1 1 we prove that the operator H defined 
on the domain 

V = {ip G L 2 (l + |x|) : Htf; G L 2 (l + \x\)} 

is essentially self- adjoint and then we construct the extension by a density argument. Observe 
that from (|1.4p our extension coincides with the one of Arai and when V = A , v < 1 with the 
ones of Wiist and Nenciu because it is characterized by the fact that the domain is contained 
in both spaces, P(r -1 / 2 ) and i? 1//2 (lR 3 , C 4 ). One bonus of our approach is that we prove that 
the extension has maximal domain. The key ingredient for doing this is the inequality proved 
in the next theorem that we consider interesting by itself. 
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Theorem 1.3. Let < m < +oo then 

(1.5) / AlV'l 2 < / \x\\(ia- V - mfi ± ei)tp\ 2 , e > 0. 

Jm.3 \ x \ Jr3 

The inequality is sharp in the sense that the constant on the right hand side can not be 
improved. 

Remark 1.1. As it will be seen in the proof a relevant minimizing sequence of (|1.5|) can be 
obtained by using the spinors ipQ m where 

V£ m = ( <C ) , = Cr-^e-^^r (C G C 2 ) and X T = J*™ „ (° ■ A 



Note that ^q"™ are solutions of 
(1.6) {-ia ■ V + m(3 - V - M 4 )V>o m = 

for the Hermitian potentials 

V = J_( cl2 ^-r! 

M V 6(7 • R cl2 / 



with c real and 



c(e + im) 
Ve 2 + w, 2 



i 2 

Those potentials satisfy sup,j. gR 3 |x||V(x)| = 1 only in the cases c = 1, 6 = and c = 0, b = —i, 
and in both cases |x||V(x)| = 1. 

The case c = 1,6 = corresponds to e = 0. Therefore, for V = |jjl4 the functions tpQ ,m 
,0,m _ ynrl _j7ir „„j , 0,m 



such that O ' = C-e mr and x ' = ^ ' jfj^o are eigenfunctions of eigenvalue of -ff. 

In the case c = 0, b = —i, (|1.6p holds for ifi^' m with positive e. We conclude that Kei(H* + 
vie) {0}. Furthermore, it is easy to see that in this case H is symmetric in T> n P(r -1 / 2 ). 
Therefore, -ff is not essentially self-adjoint and in this sense condition (jl.ip is sharp. 

The paper is structured as follows. In Section [2] we prove the inequalities we will need for 
the proofs of Theorems 11.31 and 11.11 Sections [3] and [3] are devoted to the proof of Theorems 
11.11 and 11.21 respectively. To finish, in Section [5] we follow the arguments of [7J and give an 
alternative proof of Theorem 11.31 

2. Some Hardy-Dirac inequalities 

We first state and prove several lemmas that we will need for the proof of Theorem 11.31 
Lemma 2.1. Let <fi : R 3 — > C 2 , r = \x\ and d r = -fa ■ V, then 



(2.1) 



r\d r (j)\ 2 < r\a- V(f>\' 
Jm. 3 



Equality holds if and only if (f) is a radial function. 

Proof. Here we follow the approach of [5] or [17] . Recall that the angular momentum vector 
L is given by 

L = -iV A x. 



SELF-ADJOINT EXTENSIONS OF DIRAC OPERATORS 

A simple calculation shows that 

1 



a ■ Vcj) = ( a ■ — d r a ■ L 



and it can be easily seen that 



x 



Therefore, 



f r\a-V<p\ 2 = [ 

JR 3 JRi 



d r a ■ L 

r 



[ r\d r <f)\ 2 + [ -\o-L<j)\ 2 - [ rd r (j)(-a ■ L<j> 



r I -a ■ L(j> ) d.. 



Since a ■ L and d r commute and since a ■ L is symmetric, we have 



d r (j)(a ■ Lcj)) — I 4>d r (a ■ Lcf>) 



1 



rd r 4> -a ■ Lcf) — r -a ■ Lcf> d. 



1 



dr{<j>{o ■ L<j))) 



Moreover, writing in polar coordinates and integrating by parts we get 



d r (<t>(<r ■ L<f>)) 



-</>(* ■ L<P). 
r 



In consequence, 

[ r\a-V(f)\ 2 = [ r\d r (t>\ 2 + [ -\a ■ Lcp\ 2 
Jr 3 J R 3 J R 3 r 

1, 



/ -<p(a ■ L(j>) 
Jr3 r 



+ 



The result follows from the fact 



R 3 r 



[ r\d r 4>\ 2 + I ^(a-L + m 2 - [ -| 

Jr3 J R 3 r J R3 r 

[ \(a-L + m 2 > [ \0\ 2 . 
Js 2 Js 2 



Moreover, since Ker(cr • L) contains all radial functions, equality holds in (|2.ip for (j> radial. 

□ 



Lemma 2.2. Let 

(2.2) 



and < m < +oo. Then 



[ \<P\ 2 ^- + ^l + m? [ |0| 2 < / |a r 0| 2 |rr| + (l + m 2 ) / |0| 2 |x|. 

,/R 3 \X\ JR3 J R 3 J R 3 
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Proof. Let us develop the following square 

r ^ 2 

< / \x\ l/2 d r (t) + —ttttt^ + \A + m?\x\ 1/2 <t> 
Jr3 \x\ i 

= [ |x||a r 0| 2 + / \<P\ 2 -^- + (l+m 2 ) [ \<j)\ 2 \x\ 

+ / a r #| 2 + Vl + ™ 2 / |x|a r |(/.| 2 + 2Vl + m 2 / |0| 2 

Jr3 J R 3 J R 3 

= / |x||d r </>| 2 -/ \<P\ 2 ±- + {l + m 2 ) [ \<P\ 2 \x\- yjl + m? f 

7R3 JR3 F| J R 3 J R 3 

which gives the desired inequality. Observe that the last identity holds because 

• / > 2 

7r3 \x\ 



d r \(f)(x)\ dx 



and 



\x\d r 



which have been computed writing them in polar coordinates and integrating by parts. □ 



Remark 2.1. It is easy to check that for 4>q = Cr 1 e v' 1 + m ' 2r and C 6 C equality holds in 
(12.21) if we understand 



1 



d r (t>\ \x\ — - — - dx = lim , . . v 

x\ J $-+o.l\x\>6 



d r 6\ 2 \x\ - ISI 2 ^ \dx = 0. 



From Lemma |2. II and Lemma 12.21 we obtain the following result. 
Corollary 2.3. Let cfr : M 3 -)■ C 2 and < m < +oo, i/ien 

(2.3) V1 + ™ 2 / \<P\ 2 < [ k-V0| 2 |x| + (l + m 2 ) / |0| 2 |x| - / 

7R3 7R3 JR3 7l 



R3 FI 



At this point, we have all the necessary results for proving the main Hardy-Dirac inequality 
of this section. 



Proof of Theorem \1.3l Without loss of generality, let us assume that e = 1. This can be done 
because of the scaling invariance. We will develop the right hand side term in (|1.5p . 



/ \x\\(a-V + im/3±U) 



V)^| 2 + / \x\\(imP±I 

+ {a-Vil),{imP±\)i)) L 2 { \ x ^ 
+ ((imP±I 4 )ijj,a- V'0) i 2 ( | a .|' ) . 
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The last two terms in the sum can be written and estimated as follows 

(a ■ W, (imfi ± h)4>)L2(\x\) + (( im P ± h)ip, a ■ Vip) L 2^ 
= (<T-Vx,( im ±W<l>\ x \)t? +((T'V<p,(-im±li)x\x\) L 2 
+ ((im ± h)(f>, («r • Vx)M) L2 + <(-im ± I 4 )x, ■ V<£)|x|) x2 
= -{x, (im ± h)(a ■ V(/>)\x\) L 2 - ( X , (im ± h)<K<r • V|x|)) L 2 
- (0, (-im ± I 4 )(a ■ Vx)\x\) L 2 - {</>, (-im ± U) X (a • V|x|)) L 2 
+ ((im ± I 4 )</>, (a • V X )|x|) L 2 + ((-im ± I 4 )x, (a ■ V</»)|x|) L 2 



X, (im ± I4) ( a 



L 2 



-im ± I4) I a ■ 1 — r ] \ 

H / / L 2 



25ft / x- (tmilU) ( ff - A I 

7r3 V fI/ 



Notice that we have used integration by parts and the fact that ia ■ V is symmetric in L 2 
rewrite the expression. By using the Cauchy-Schwarz inequality we get the estimate 



(2.4) 23? f x- (im±M ( <r ■ A I < 2 / X • (im ± I 4 ) f <r • A I 



< ^1 + ^211x11^+71 + 



m "\\X\\l?\m\V i S Vl + ^||AII L 2 
Now by inequality (|2.3p we conclude 



L 2 4 



I (a • VV>, (im/3 ± ILO^^^d + ((imp ±I±)i>,a ■ Vip) L 2(\ x \)\ 



< 



+ 



/ x ■ (im ± I4) ( <T • A J 

V</>| 2 |x| + (1 + m 



x 



Jr3 I a; 



k- Vx| 2 |x| + (l + m 2 ) / |x| 2 |x 



Ixl 1 



1 

Lx 



Thus we can estimate from below the right hand side of (|1.5p as 

/ \x\\(a- V + imP±I 4 )i(;\ 2 
Jr 3 



(2.5) 



> 



\x\\(a-V)<t>\ 2 + / N|(a-V)x| 



+ (l + m 2 ) / \<j)\ 2 \x\ + (l + m 2 ) / |x| ; 
-/ |<r- V</>| 2 |x| - (1 + m 2 ) / |</>| 2 |x|- 

7R3 J K 3 

-/ |a-Vx| 2 |x|-(l+m 2 ) / |x| 2 |x|+/ |x| 2 ^ 
JM? 7R3 Jr3 |x| 



In order to see the sharpness of the inequality we will recover the e. If we choose 

X = a(<7~U, A g C, 
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then identity holds in U23J). Now recall Remark O If we take (p e ' m = Cr- 1 e' Vt ' 2+m2r , 
C G C 2 , we get an identity in f)2.5[) in the following sense 

/ ( \x\\(a- V + im/3±I 4 )^o' m | 2 -|V'o m | 2 rT > l dx = 
where ipQ 171 is defined as in Remark II. 11 This completes the proof. □ 

The following lemmas are also required for the proof of Theorem 11.11 
Lemma 2.4. Let 4> : M 3 -> C 2 . T/ien 

(2.6) / H 2 <|(7 H0| 2 V 7/ " 

Equality holds for <f> = Ce~ Xr , where C G C and A > 0. 

Proof. From the fundamental theorem of calculus and following the same approach of [9] we 
have 

/ poo > 

\(p(ruj)\ 2 = M I / -2<f>(tu)(u}-V<f)(tu))dt 



Then 



/ |0| 2 dx = f dco I 

JR 3 Js 2 JO 



(rco)\ 2 r 2 dr 



oo 

2, 



-23? / dw / 4>(tu){u)-V<j){tu))) / r^drdi 

V^5 2 7o Jo 

2 



2 



3? / (j){x)(d r (j){x))rdx 
3 ViR 3 

1/2 / \ 1/2 

,m n ^2 



< 3 ( / t\W ) ( / r|fl 



Let us check that equality holds for cf> = Ce Ar . On the one hand 



f \<f>\ 2 = 4nC r e - 2Xr r 2 dr = ^ r e - r r 2 dr. 
Jr 3 Jo ( 2A ) Jo 

On the other hand, 

f r\dA\ 2 = X 2 f - 12 
JR 3 JRS 



r. 

./r 3 ./r 3 ' ' ' 

Finally, 

poo r 00 

| 2 r = 4vrC / e" 2A V 3 dr = -^Ak / e"V 2 dr. 



(2A)< 

Therefore, equality holds. □ 

From Lemma 12. II and Lemma 12.41 we conclude the following result. 
Lemma 2.5. Let 4> : R 3 ->• C 2 . T/ien 

1/2 , r \ 1/2 



(2.7) [ W 2 <U[ r\0\ 2 ) (f rlo-.Vtl 2 ) 

Jr 3 ^ VJr 3 / V^R 3 / 



Moreover, equality holds for = Ce Ar , where C G C 2 and A > 0. 
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Finally we use inequality (|2.7p for proving the next result. 
Proposition 2.6. For any m > finite, 

(2.8) - / |x| \ia ■ x\\ (ia ■ V — m/3 ± i)ip\ . 

9 Jm.3 Jm 3 



Equality holds for <f> = Ce Ar and x = i°~ " o<£ where C G C 2 and A = 3\/l + m 2 . 

Remark 2.2. The fact that inequality (|2.8|) is sharp, in the sense that the constant can not 
be improved, confirms that the proof of (|1.5|) is not an immediate consequence of the Hardy 
inequality 



/ AlV'l 2 < / \x\\ia ■ Wl 1 
Jm 3 m Jm.3 



Proof. We follow the approach of Theorem 11.31 Therefore, as we have seen previously we 
have that 



/ \x\\(ia- V -mf3±i)ip\ 2 
Jm 3 

|x||(a-V)0| 2 + f \x\\(a-V) X \ 2 



+ (1 + m 2 ) / |0| 2 |x| + (1 + m 2 ) / 
Jm.3 Jrj 



\x\ 2 \x\ 



+ ( \ . ( - n> ± i ) [ia - J 0^ + (V (m ± i) ^icr • ^ J 



From inequality (|2.7p we obtain 

Vl + m 2 !!^ 2 , < Vl+m 2 f/ NI0| 2 VY/ |x||a-V0| 2 V /2 
< (1 + m 2 ) / MH 2 + i/ |x||a-V0| 2 . 

jr 3 y jr 3 



By the last inequality and (|2.4p we conclude 

|s||(ia- V-m/3±i)V>| 2 > / |x||(<r • V)</>| 2 + / \x\\(a ■ V) X \ 2 

Jm 3 Jm 3 

+ (1 + m 2 ) / \(p\ 2 \x\ + (1 + m 2 ) / |x| 2 M 



(1 + m 2 ) / |x||</)| 2 -i / Mla-V^l 2 

7r 3 y jr 3 

- (1 + m 2 ) / |a;||x| 2 -^/ |x||<r-Vx| 5 
Jr 3 y Jm 3 

\x\\(ia ■ V)ip\ 2 . 



The equality case can be easily checked. □ 
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3. Proof of Theorem 11.11 



The proof of the first part of the theorem is divided into five steps. 

Step 1. We start by proving that for all / G L 2 (l + \ x\) there exists a unique function ip in 
V = {t/j G L 2 (l + \x\) : Hip G L 2 (l + \x\)} 

such that 

(3.1) {H + i)^ = f. 

We rewrite (|3.ip as 

(ia ■ V - m/3 - i)i/> + Yi/j = f, 

or equivalently, 

1 ._. 1 



|V2/ 



(ia • V - m/3 - i)|x| i/2 — + |x|V— -r^ = |x| 1/2 /- 

l^ji/^ jxl 1 / 2 

Denote w = \x\~ 1 / 2 "^, F = |x| 1//2 / and K = \x\ l / 2 (ia ■ V — m/3 — z) | . Hence, we have 

Kw + \x\Yw = F. 

Let K be the inverse of K, that is, K = \x\~ l l 2 {ia ■ V — m/3 — i)~ l \x\~ l l 2 , and apply K to 
the previous equation. Thus we get 

(I + K\x\Y)w = KF. 
This equation has a unique solution if ||ET|x|V|| < 1, that is, if 

\K\x\NF\\ L 2 



sup ■ 



\F\ 



< 1. 



L' 2 



Let us check that for all F ^ we have 

/ \K\x\YF\ 2 < v [ \F\ 2 , v < 1. 
Replacing the expression of K we get 

/ -!- {ia-V -m/3 -iy 1 — \- \x\YF <vf \F\ 
Jm? Fl |x| i/2 7 r3 

F we obta 
\(ia- V - mfi - iy 1 ^ f\ 2 <v 



Now taking into account the definition of F we obtain 

/ r 

Jr3 F 

In the previous section we have proved the inequality 



(3.2) 



v < 1. 



V < 1. 



JR3 Fl JRi 



The same estimate holds for \x\Yf, that is, 

1 



r-r|(ia • V - m/3 - i) _1 |a;|V/| 2 < 

R3 Fl 



|s|||x|V/| : 



The inequality is well defined because / G L 2 (l + \x\) and sup^gj^jo} M|V| < 1, therefore, 
\x\Yf G L 2 (l + |x|) . In consequence, inequality (|3.2p holds if V satisfies that 



MIMV/I 2 < v 



v < 1, 
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which is true by the assumption sup^g^sv r i ||x|V(x)| < 1. In consequence, we have proved 
that there exists a solution of (|3.1|) and it is unique because so is it;. 

It can be proved in the same way that for all / G L 2 (l + \x\) there exists a unique function 
ip in T> such that (H — i)ip = f. We just have to change the sign of i in the computations. 
In other words, we have proved that Ran(.ff ± i) = L 2 (l + |x|). 

Let us now show that the solution ip of (|3.ip is in T>. We write the solution of (I+K \x\V)w = 
KF by using a Neumann series as 

oo 

w = (1 + K^Y^KF = ^(-ly^lxlVy^KF). 

3=0 

Since we have denoted ip = |x| 1//2 u;, then 

00 1 F 

$ = ^(-1^ |x|V2 (K | x | V)J ( ia . V - m/3 - 

j=o 11 11 

Equivalently, 

i/f = (ia-V -m/3-i) -1 / - (ia • V - m/3 - i) _1 V(ia • V - mf3 - i)' 1 f 
+ (ia • V - m/3 - i) -1 V(ia • V - m/3 - i) _1 V(ia • V - m/3 - i)' 1 f + ... 

oo 

= ^(-F/[(ia • V - m/3 - i)~ 1 V] j (ia • V - m/3 - i)" 1 /- 

j=0 

Since / G L 2 (l + |x|), in particular, / G L 2 (|x|). By inequality (|1.5p and e = 1, 

(ia ■ V - m/3 - i)- 1 / € L 2 (|ar| -1 ). 
Since sup^g^^o} MI^O^)! < 1> * nen 

V(ia • V - m/3 - i)" 1 / G L 2 (|x|). 

Again by inequality (|1.5p we get that the second term of ip is also in L 2 (|x| _1 ). The same 
thing happens with the rest of the terms in the sum. Observe that the series is convergent 
because the constants of the inequalities we have used are less than or equal to 1. 

It is evident that ip G L 2 (|x| _1 ) is equivalent to A G L 2 (|x|). Then, by the assumption on 
V, we obtain that Yip G L 2 (|x|). We claim that 

(3.3) (ia ■ V — m/3 — i)ip G L 2 (|x|). 

This is because 

(ia • V - m/3 - i)ip + Yip = f 

and f,Yip G L 2 (\x\). From ([32]) and by inequality (|H%]h V G i 2 (|x|). Therefore, we have 
seen that ip G L 2 (|x|) n L 2 (|x| _1 ). Thus by interpolation we obtain that ip G L 2 (M 3 ,C 4 ). It 
remains to prove that Hip G L 2 (l + \x\). However, this is true because we can write 

Hip = (ia-V - m/3 + Y)ip = f-iip, 

and we know that f,ip€ L 2 (l + \x\). 

Following the same approach, it can be proved that the solution ip of (H — i)ip = f is in 

V. 

Step 2. We are going to see that H defined on T> is symmetric. So we have to see that 

Vifo.,ih€V, (HiP 1 ,ip 2 ) = (ijJi,Hip 2 ). 
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Since ipi,ip 2 G T> then ipi,ip 2 , Hipi, Hip 2 G £ 2 (1 + M)- Let 

h = {H + i)^ and f 2 = (H-i)fa. 

Those functions are in L 2 (l + |x|). Hence, 

(#^1,-02) = ((H + i)ip 1 ,i/j 2 ) - (i^i,tp 2 ) = (fi,ip 2 ) - (i-pi,ip 2 ). 

Now from Step 1, the solutions ip\ and ^2 of {H + = f\ and (H — i)ip 2 = f 2 , respectively, 
can be written by means of a Neumann series. That is, 

00 

Y>i = ^{-lyiiia-V -mp-i)- l N] j {ia-V -mfi-iy^h 

j=0 



and 



^2 = J2(-l) j [(ia- V-m/3 + i) _1 V] J '(ia- V - m/3 + i)" 1 ^- 

Observe that 

(m ■ V - m/3 ± = (A + m + l)" 1 ^ ■ V — m/3 =f i). 
The first term on the right hand side is symmetric. In the second term, notice that ia-V — m/3 
is symmetric but =fi is antisymmetric, thus the sign of this part changes when we pass it from 
one side to the other in the following inner product. Moreover, V is symmetric by assumption. 
Hence, 



(h^ 2 ) = ^/x, J2(-iy[( ia • V- m/3 + i) _1 V]'(ia ■ V - m/3 + i)~ 1 f 2 j 

00 

= </i, [(»a • V - m/3 + i) -1 V] J '(ia . V - m/3 + i)' 1 f 2 ) 

3=0 

00 

= <[( ia • V - m/3 - i) _1 V]'(ia • V - m/3 - i) -1 /!, /2> 



j=0 

/ 00 



= ( 52(-lY[(i<* • V - m/3 - i^VYiia • V - m/3 - i)"Vi, /2 
\j=o / 

= <V>l,/2>. 



Therefore, 



(Hip^fa) = (fi,ip 2 ) ~ (iipufa) = {i>i,f2) ~ (#1,^2) 
= (# - i)^2) - (#1,^2) = {tpi,Hip 2 ). 

Step 3. Let us prove that for all / G L 2 (l + |x|) we have 

(3-4) ||V||l 2 < II/IIl- 

In the first step we have seen that for / £ L 2 (l + |x|) there exists a function such that 
(H + i)V> = /• Multiply this equation by ip, integrate over M 3 and take the imaginary parts 
to get 

3<(tf + i)^)=9</,T/A. 
As we have proved that H is symmetric, then (Hip, ip) is real. Hence, 

(ip,ip) = %((H + i)ip,ip) = 3</,v> < ll/II^NU 

which completes the proof of this part. 
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Step 4- At this point we have all the ingredients to prove (jl.2p . From Step 1 we know 
that for every / in L 2 (l + |a;|) there exists a function ip in T> such that (H + i)ip = f. Since 
L 2 (l + |x|) is dense in L 2 (M 3 ,C 4 ), for each / G L 2 (M 3 ,C ) there exists a sequence {/ n }neN 
in L 2 (l + |x|) such that 

hm \\fn-fh* =0. 



Then, f n is a Cauchy sequence in L 2 (M 3 ,C 4 ). Now since f n G L 2 (l + |x|), by Step 1, 
(H + i)ip n = fn for G P. Notice that is a Cauchy sequence in L 2 (M 3 ,C ) because by 
Step 3 

II Yn — Wfn fm 

\\ L 2, n,mGN. 
Thus there exists a function ip G L 2 (M 3 ,C 4 ) such that 

lim \\ip n - ijj\\ L 2 = 0. 
n— too 

Since Hip n converges to Hip in the distributional sense and Hip n = f n — z?/> n converges to 
/-i^ inL 2 (R 3 ,C 4 ), Hip = f-iip. 

We have that for a function /„ G L 2 (l+|x|) there exists a function ^ n such that (H+i)ip n = 
f n . Thus, in particular, we have the weaker identity 



f (H + i)i> n -lp= [ f n 



where each of the four components of (p is in the Schwartz class. Since we have seen that H 
is symmetric, 

/ f n -Tp= l (H + i)ip n ■¥= ip n - (H - 
We take the limit when n tends to infinity to get 

/ f-lp= lim / f n -Tp= lim / ip n ■ (H - i)(p = ip-(H-i)ip, 
J R3 n-nxj^g ™^°°./r3 J r3 

and we obtain the desired result. 

The equation (TTTHT) is proved following the same approach. We only have to change +i by 



5*iep 5. For the uniqueness of the solutions we will need the following point (i). In (i) we 
will prove that for all / G L 2 (M 3 , C 4 ), 



L2 < \\J Wit- 



Hence, if / = then ip = 0. Therefore, there is uniqueness in Step 4. Once we have this, 
since ip G L 2 (M 3 , C 4 ) and by using the same argument we conclude that there exists a unique 
ip G L 2 (M 3 ,C 4 ) such that (H + i)ip = ip. In consequence, 



if>-(H + i)tp= / f-<p< ||/||l2||^||l2 < ii/hl2||^|| L 2. 

Thus we conclude the uniqueness of solution of (|1 .2j) . The same argument follows for the 
uniqueness of (|1.3p . 

We now proceed to prove the second part of the theorem. 

(i) For ip n and f n as in Step 4 we have 

HV^L 2 < ll/n||L 2 

from Step 3. Passing to the limit as n goes to infinity we get 

L 2 < II/IU2. 
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fii) Let us check now that 



/^< c /i/P 

Jm 3 I a; I Jr3 



where c is a positive constant. We define a smooth cut-off function r/ such that < rj(x) < 1 
and 

V[X) ■ \ if \x\ > 2. 

Take 

f = (H± = (-ia • V + m/3 - V ± i) WO = ± 0^ ~ ( ia ' Vr/)^. 

First notice that / is in L 2 (l + |x|). The first term because / = (H±i)ip is in L 2 (M 3 ,C 4 ), and 
therefore, r](H ± G L 2 (l + |x|). And the second term because, since / G L 2 (M 3 ,C 4 ), its 
corresponding ^ belongs to L 2 (M 3 ,C 4 ). In consequence, (ia • V G L 2 (R 3 ,C 4 ), and since 
it is compactly supported, (ia • Vrj)tp G L 2 (l + |x|). 

Since / G L 2 (l + |x|) and by inequality fjl .5f) we conclude that rjijj G L 2 (\x\~ l ). Therefore, 

h 2 A = / h 2 A+ f l,j2 1 



R 3 Fl J\x\<1 \ x \ J\x\>1 \ x 

in'' 

|2|<1 Fl J\x\> 



■/|z|<i Fl 7| x |>i 

< / l/l VI + / H 2 

JR 3 J R 3 

< c( I \r ] f\ 2 \x\+ [ \x\\(ia-Vr ] )iP\ 2 )+ \ |/| 2 

\Jr 3 jr 3 

< of \f\ 2 + c[ k/f + / |/| s 

J|x|<2 ^|a;|<2 JR 3 



< c/ l/l 1 
Jr 3 



(hi) We start with 

/ |x||ia • V^| 
•/m<i 



{ x\\(ia ■ V - m/3 + V± + (m/3 - V t «)^| 2 



M<1 



< c 



/ |x||(F±i)Vf + c(m 2 + l) / |x||Vf + c/ |x||V^| S 

J\x\<l J\x\<l J\x\<l 

< o f |/| 2 
Jr 3 



The last estimate comes from the following. First note that 

\ x \\{H±m 2 = [ \ x \\f\ 2 < f i/i 2 . 

|as]<l J\x\<l Jm. 3 

Secondly, from (i) we have that 

(m 2 + l) / \xU\ 2 <c [ |Vf<c / |/| 2 . 
J\x\<i J\x\<i Jm 3 
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Finally, 



/ |*||vvf</ N tV ^1 A\^\ 2 <cf \f\ 2 , 

J\x\<l J\x\<l \ x \ J\x\<l \ x \ il 3 



where the last estimate holds because of fii). 



(iv) Since / G L 2 (IR 3 ,C 4 ), its corresponding tp is also in L 2 (M 3 ,C 4 ). Taking the Fourier 
transform it is easy to check that the identity 

/ (ia ■ V)tp ■ \f^E(ia ■ V)" 1 ^ = / Y> ■ \/ z AV 

holds when both terms are finite. Define <j) = V~ A(«a • V) -1 ^. Then 



/ (ia-V)V>-' 
Jr 3 



(ia • V + V)V> ■ - VV> ■ <f> 



< 



< 



/( 

Jr 3 



ia ■ V + V)V> • ' 



+ 



/ 



1 



< 



+ 



1/2 



Jr 3 



2 i i — 1 



1/2 



1/2 



(ia ■ V + V)V> • 

i 

/ |(ia- V+V)Vf 
Jr 3 

Let us estimate the first term on the right side. The first integral can be estimated as follows 

/ \(ia-V + Y)^\ 2 < cf \(H + i)^\ 2 + c(m 2 + 1) [ |?/f 
Jr 3 Jr 3 Jr 3 



< c||/||| 2 +c||/||| 2 <c||/||| 2 . 

Here we have used (i) and the fact that 

/ = (H + i)ip = (ia ■ V + V - m/3 + i)ip. 

On the other hand, for the second term we denote by F(g) the Fourier transform of a function 
g. Thus, 

/ |0| 2 = / \V=A(ia ■ V)~V| 2 = / |^(>/=A(ia-V)-V)| 2 - 

JR 3 JR 3 JR 3 

It is easy to check that 

/ |jV=A(ia-V)-V)| 2 = / I^WI 2 ' 
Jr 3 Jr 3 



just notice that 
Therefore, 



F((ta-V)- l g) = ^F((ia-V)g). 



[ i^i 2 = / \nn 2 = [ w 

JR 3 JR 3 JR 3 



< 



2 

L 2 ' 



The first integral of the second term is bounded by c||/|| L 2 because of (ii). And the second 
integral because 



I 2 !*!' 1 



1/2 



< C 



(X 3 



1/2 



<C||/|| L 2. 
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Observe that the first inequality holds because is an A2 weight and \f— A(ia • V) -1 can 
be expressed by means of the Riesz transforms. In consequence, 



ip ■ y—Aip = ia ■ Vip ■ <fi < 



2 

L 2 ' 



Therefore, taking into account what we have proved until now and since tp G L 2 (M 3 ,C 4 ) we 
get that 

\M\m/*<4f\\v- 

(v) Let f 1 , f 2 G L 2 (R 3 , C 4 ) and take sequences f 2 G L 2 (l + \x\) such that 

f 1 = hm and f 2 = lim / 

n— >oo 

in L 2 (M 3 ,C 4 ). We take 



2 

/ 

n— >oo 



{H + i)^ n = f l n and (H-i)4, 2 =f 2 
and follow the approach of Step 2. Then, 



(H + i)^ n .^ n = / i> x n -(H-i)i>l. 



We let n tend to infinity and obtain the desired conclusion. Taking 

{H-i)^ l n = f l n and (H + i)^ 2 n = f 2 n 
and following the same approach we get 



This completes the proof of the theorem. 



4. Proof of Theorem 11.21 

We use the basic criterion for self-adjointness and Theorem ll.il for the proof in this section. 
First of all, we will see that 

Ran(H±i) = L 2 (M 3 ,C 4 ). 

In Theorem 11.11 we have already proved that for all / G L 2 (M 3 ,C 4 ) there exists a function 
tp G 'D(H) such that (H + i)ip = f. Analogously, for all / G L 2 (M 3 ,C 4 ) there exists another 
function tp G *D(H) such that (H — i)tfj = f. 

Let us show the symmetry of H. For all il>i,tp2 G T^{H) we have Htpi,Htp2 G L 2 (M 3 ,C 4 ), 
which we denote by g\ , #2 respectively. Let 

h=9i + ii>i and h = 92~ #2 

which belong to L 2 (1R 3 ,C 4 ). By Theorem \\.\\ tpi and ip2 are the unique functions in 
L 2 (R 3 ,C 4 ) such that 

Now write 



(#Vi,^2> = {{H + 1)^1,^2} - {tyl,ih) 
= {ipi,(H -i)ip 2 ) - {iipi,tp2) 

Note that in the second identity we have used (v) of Theorem II. II 
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To conclude the proof we need to characterize the domain of the extension, thus we have 
to see that for all ip £ D(H), 

I M 2 A < +00. 

JR3 \X\ 

However, since ip G V(H), -0, Hip G L 2 (M 3 , C 4 ), so that f = (H + belongs to L 2 (R 3 , C 4 ). 
By (ii) of Theorem ll.il we get the desired result. It is easy to check that T>(H) C i? 1 / 2 (]R 3 , C 4 ) 
thanks to (iv) of Theorem 11.11 



5. Further comments 

In this section we follow the arguments of [7J and give an alternative proof of Theorem 11.31 
We denote by X + (resp. X_) the positive (resp. negative) spectral space of 1 + a ■ L and 

by P± = \ (l ± \^ a L L \ ) the corresponding projectors on L 2 (M 3 ,C 2 ). We write cb± := P±(p. 

We define x± hi the same way and we denote ip± = {<j>±, X±)~ L - Let a radial positive 

function and we define the following radial functions 

1 r f°° fit 

h+{ r ) = — V{t)t 2 dt and h~ (r) = r 2 V(t)^. 

r Jo Jr t 

Theorem 5.1. Let V(\x\) a radial positive function such that ||/i + ||oo < \ and ||/i~||oo < \- 
Then, 

(5.1) ^ ^ 

V\ip\ 2 < [ V~ 1 \{a-V+imP±eh)^\ 2 +y / m 2 + e 2 f / | (/T - h + )ip\ 2 j (/ |?/f) . 

In particular, if V = A i/ien /i + = /i~ = ^ and we recover Theorem 

Proof. As in Theorem 1 1 .31 here also we can assume that e = 1 without loss of generality. 
We will write the proof just for the plus sign of I4. The corresponding inequality for the 
minus sign is obtained following the same argument. The desired inequality is obtained by 
estimating from below and from above the following expression 



(5.2) 23?/ (a- V + imP + lM- { a™ ] (-h+^ + h-ib-). 

Jr 3 V fI/ 

Let us first estimate it from below. We write the real part as a sum of the integral and its 
conjugate and we develop it obtaining the following 



- / (a • V + imP + IM+ • fa-n) h+ip + - [ a ■ 7— ) h + ip + • (a ■ V + imp + I 4 )V>+ 
7lR3 V \ X \J Jr 3 V \ X \J 

+ / (a • V + imp + I 4 )V>- • [a — I h~ip_ + / ( a ■ 7— ) h~ip- ■ (a ■ V + imP + IM- 
Jr3 V \ X \J Jr 3 V \ X \J 

+ / (a- V + imP + l4)ip + ■ ( a- nr I h~^- + / ( a • -— ) /i~ V- • (a • V + im/3 + 14)^+ 
7r3 V Fly Jr 3 V fI/ 

- / (a • V + im/3 + I 4 )V>- • ( a • —7 ) 7i+V>+ - / ( a • A I ■ (a • V + + I 4 )V>-. 
Jr3 V fI/ Vr3 V Fl/ 
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We denote the first fourth terms of the last equation by I and the last fourth by II. First 
we will study II. 



II = a- VV>+ • ( a • A" ) h~i(;- + / ( a • -A 1 h~ip_ ■ a ■ Vi{j + 

Jr3 V \ x \J Jk* V \A) 

- a- VY>_ • ( a • -A I h+ip + - ( a • A ) h + tp + • a • VV>- 

Jr3 V fI/ 7r3 V fI/ 

+ / + I 4 )V'+ • ( a- -A I h~ib- + / ( a ■ Ar I /TV"- • (im/T+lA^ 

Jr3 V FI/ ./rs V fI/ 

- y (imp + ■ • ^ h+ijj + -J (a - j^j h + ^j + ■ (imfi + h)il>— 

The first four terms vanish because a ■ V anti-commutes with the positive projector, hence 
we obtain the negative projection of another term. Analogously for the negative projector. 
The same thing happens with a ■ ^ because we can write this in terms of a ■ V as follows 



a ■ A" = e^a ■ Ve" |:r| - a ■ V. 
F 



Hence, we will have the inner product of a negative projection of a term with a positive 
projection of another term, which is zero because of their orthogonality. Therefore, 



II=l imftip + ■ [a - - — , ] h ip- + / ( a ■ - — r ) h ip- ■ imPip + 

Jr3 V fI/ Jw V fI/ 

— / imf3ip- ■ ( a ■ - — r ) h + tp + — ( a ■ - — r ) h + ip + ■ imj3ip- 

7r3 V fI/ iR 3 V fI/ 

+ / V+ • ( a • tt I + / «-A /i - -;/'- • ^+ 

7r3 V fI/ ^r3 V fI/ 



- / V- ■ ■ A - /" fa- iAI ■V'- 

Jr3 V fI/ iR 3 V fI/ 

Now taking into account that a ■ ^ is symmetric, that = —fia^ and by using the 
Cauchy-Schwarz inequality we get 



• /i v+ 



II = I ( a ■ - — - ) imf3if) + ■ h — \ imf3 ( a ■ - — r 

7r3 V fI/ ^r 3 V fI 

~~ / ( a • i — r ) im(3if)_ ■ + / ( a • , — r ] ^ + • h + ip- 

Jr3 V fI/ Jr 3 v fI/ 



/ i>+ • f a • "A 

Jr3 V fI 



+ / ip + ■ ( a ■ — ] h i/j- + / V- ' ( a • ) ft. ip + 



- ! V- ■ f a — ^ " / Y>+ ■ f a • A^l ^ + ^- 

Jr3 V fI/ ^m 3 V fI/ 

= 2K / + I 4 )^+ ■ f a ■ -A ) (/i" - ^+)V'- 

Jr3 V Fl / 
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Let us estimate I from below. Recall that / was the following expression 



- / (a • V + imp + ■ ( a • rr ) h+ip + - ( a ~ ) h + tp + • (a • V + zm/3 + I 4 )V>+ 

Jr3 V fI/ Vr 3 V Fl/ 

+ / (a • V + imf3 + I 4 )^_ • ( a ■ A ) + / 

Jr 3 V fI/ Jr ; 



a • | — r I h ip_ • (a • V + im/3 + lAip-. 

Observe that by using the previous argument the integrals related to im/3 + 14 vanish. This 
is because we commute the projectors P± with a ■ A and we obtain the inner product of two 
orthogonal terms. Note that /3 does not change the spectral space. In consequence, 



x \ , , , / / x 



a ■ • ( a • -j— - j h + tp + — I ( ol • - — - ] h ^ + • a ■ 



+ / <> • Vr_ • j [a ■ y-r j h~ip- + / (a--^-)li r_-n-Vc_ 



We write all the integrals in terms of a and use 



x 



h+ h+ , , 



[<r • V, cr • T7/i + ] = 2(1 + 0- • L)— + — + \x 



- 



x\ \x\ \x\ \ \x\ J 

where the derivative is with respect to the radius see J6] for the details of this identity. 
As a consequence, we get 

1=1 [a-V,a--^h + ]<t> + -fa+ [ [a-V,a~h + ] X +'X+ 
./» 3 Fl Jr 3 Fl 

[a • V, a ■ -r-rhr\<$>- •(/>--/ [o- • V, cr • —h~]x- • ~ 
1 Fl Jr 3 Fl 

[ 2 (l + cr .L)^ r + (/ l + )> + .^+ / [2(l + a.L)^ + (fc + ) / ] X+ -X+ 

fI Jr 3 fI 

-/ [2(l + cr -L)^ T + (^)>_.^- / [2(l + a-L)^ + (h-y] X --X= 
Jr 3 Fl JR 3 Fl 

7r 3 VfI / Jr 3 VfI / 

Now, by definition of h + (r) and h~[r) it is immediate that 

+ (/»+)' = y(r) = - (h-)'. 

\x\ \x\ 

Therefore, 

I> f V\i; + \ 2 + [ V\i;.\ 2 = [ V\^\ 2 . 
Jr 3 Jr 3 Jr 3 



Let us estimate ()5.2p from above. We multiply and divide by V(|x|) inside the integral. We 
bound the real part by the modulus and apply the Cauchy-Schwarz inequality. Hence, we 
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obtain 



23? J (a ■ V + imp + I 4 )ip ■ fa~ ) (-h+r. +/(-<•_) 



<2 / V _1 |(a- V + + I 4 )Vf / V| - + h~ip- |2 

Wr3 / \Jr3 

<2max{||/ l + || 00 ,||/ l -|| 00 }^y- 1 |(a-V + im/3 + I 4 )V| 2 ) (f R3 V ^ 2 ) ' 
Now taking into account upper and lower bounds of the real part we have 

/ y(|x|)|V| 2 <4max{||/ l + || 2 ,||/ i -|| 2 } / V-\\x\)\ {a • V + *m/3 + I 4 )Vf- 

Since ||/i + ||oo < 1/2 and ||/i _ ||oo < 1/2 we conclude the proof. □ 
Remark 5.1. If V = A then for ^q" 1 where </>o' m = Cr _1 e _ ^ e2+m2r , C £ C 2 and Xo' m = 
^e^+m 2 ( a ' r) ^o™ an * ne inequalities in the above argument become an equalities. 
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